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Formulas are derived for calculating the size spectrum of cylindrical particles by the low- 
angle method, and the accuracy of this method is evaluated. 

A theory and experimental methods of determining the size spectrum of spherical particles in a sus- 
pension have been developed in [1-4]. In many instances, however, it is necessary to determine the size 
spectrum of particles with other than spherical shapes. 

We will determine the spectrum of cylindrical particles in a suspension where the cylinder length l 
can be expressed as a function of the cylinder radius a: 

l = l(a). 

The p r o b l e m  r e d u c e s  to solving the in teg ra l  equat ion 
=o 

I (~) - .  I o .[ N (a) l (a) g (a, ~) da (1) 
0 

for  Y(a). 

The d i f f rac t ion  of r a y s  at  a c l u s t e r  of cy l ind r i ca l  p a r t i c l e s  o r ien ted  at r a n d o m  in space  fol lows the 
law [5]: 

E ~ (kay) 
I (~) = Iokla 2 -  , (2) 

2 ~  

w h e r e  

E (kay) = 2ka~ J'/' (kay). 

We introduce 

2na 
p = - - ,  (3) 

and let  

so that  

!/a =.m; (4) 

w h e r e  

0 

(s) 

I n = 41 (~)/k2Io . (6) 
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Fig. i. Function R2(z) and 
the approximating function 
R2p(Z) as functions of the 
parameter z = kp/~ (all 
quantities dimensionless). 

We now define 

�9 (p) = fir (p) p2m. (7) 

F o r  so lv ing  the i n t e g r a l  equa t ion  (5) we wi l l  u s e  the T i t c h m a r s c h  t r a n s -  
f o r m a t i o n  [6]. Then  

0 

w h e r e  

P (p~) = J,j, (0~) z,/ ,  (p~) ~ ,  (9) 

F r o m  f o r m u l a  (8) we can  d e t e r m i n e  raN(a) .  With m known, the d i s t r i b u -  
t ion funct ion  dens i t y  can  a l so  be  found; in this  e a s e  

* (a) = alN (a). (11) 

In  the c a s e  of  sof t  cy l ind r i ca l  p a r t i c l e s ,  the in t ens i ty  of d i s p e r s e d  i : ad ia -  
t ion  is  d e s c r i b e d  by  the wel l  known Debye equat ion  

I = I o 1 + cos2~ . Y__~ ~ a ~ 2  (z), (12) 
2 X4 

w h e r e  
2z 

~ . 

0 

Within the r a n g e  of va lues  z f r o m  0 to 50 one m a y  a p p r o x i m a t e  funct ion R2(z) by  R2ap(Z ). 

R ~  (z) = exp [ - -  o.35zl - -  o.0o3z + o.15. 

Func t ion  ~2 (z) and the  a p p r o x i m a t i n g  funct ion R2ap (z) a r e  both  shown in Fig .  1. 

F o r  a p o l y d i s p e r s e  s u s p e n s i o n  one m a y  w r i t e  

-) (13) =.faG {exp [ - -  o.35zl --o.ooaz + o. 15} g (a )  da. 
0 

We note  tha t  ~ = (2I/Io)/(Tr2m2c~6(1 § eos2fi)). Then,  a f t e r  s i m p l e  t r a n s f o r m a t i o n s ,  we obta in  

i " /" (6) = j' ~Ar (a) ~xp I - o .3szl .e~ - o. o03k~,~.  N (~) a'e~ + o. 15 s N (~) ~od~ 
0 o 0 

(13) 

(14) 

(15) 

(16) 

o r  
to 

~I (~) =.(  a6N (a) exp [ - -  0.35z] da - -  A~ + C, 
0 

(17) 

w h e r e  A and C a r e  c o n s t a n t s .  

The  f i r s t  t e r m  in e x p r e s s i o n  (16) r e p r e s e n t s  the wel l  known L a p l a c e  i n t e g r a l .  I t  is  e a s y  to s ee  that  
th is  i n t e g r a l  i s  c o n v e r g e n t .  The  magn i tude  of the f i r s t  t e r m  d e c r e a s e s  as  fl i n c r e a s e s ,  and it b e c o m e s  a 
l i n e a r  funct ion of  fl a t  l a r g e  ang les  fi: 

We wil l  show tha t  fo r  a ~ - d i s t r i b u t i o n  

w h e r e  b and c a r e  d i s t r i bu t ion  p a r a m e t e r s .  

- -  ) (~) = - - A O  + C. (18) 

N (a) ---- abexp [ - -  ca], (19) 

I n s e r t i n g  (19) into (16) and u t i l iz ing  the p r o p e r t i e s  of the F - func t ion ,  we have  

for ;~=0.63 pm z = 5 m a ~ ,  (20) 
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<sn~ + c) o+' 

and the variable pa r t  of (21) is 

Vat [ (l~) - 1 
(Sn~ + c? +' 

F (b + 7) 0,015 F (b + 8) 7) cO+S + 0.15 F (b0++ 7 (21) 

O.O15m(b + 7)[3 + 0 _ _ 1 5  (22) 
cb+8 cb+7 

Numerical  calculat ions have shown that VarI  (8) r e p r e s e n t s  the ma jo r  pa r t  of (16) within angles f rom 
0 to 0.1 rad.  The computations were  made with the following values of the distr ibution p a r am e te r s :  1) b = 2, 
c = 2, m = 10 and 2) b = 2, c = 4, m = 10. Analogous resu t t s  were  obtained f rom an analysis  of the Junge 
distr ibut ion.  

We now introduce 

with 

71 (~) = :I (t3)-- (A0 + c),  (23) 

(15 (a) = N (a) a ~ (24) 

oo 

71 ([~) =,t' q5 (a) exp [ - -  ~a[~] da, 
0 

00 

In ([3) = 2 P (~) e'~,~ dg~, 
0 

where ~ l = ~ ma/X .  

We then inver t  the in tegral  equation (26) with the aid of the Mellin t r ans fo rm [7]: 
eo 

f (s) = .f [ (~) e'S~,d~l, 
0 

r + i ~  

e? (L) = 2 ~  . f (S) eS~ , dS. 
r --i:r 

On the basis  of (27) we have now 

r + i ~  

e ( a ) =  2n---~ 
r - -  i:Q 

(25) 

(26) 

(27) 

(2s) 

Consider ing that ~(a) = N(a)a a, (28) yields the sought distr ibution density of soft cyl indr ical  pa r t i c l es .  

l 
i@ 

Io 
k 
A 
m = l /a ;  
g(a, P) 
n 

J1/2 (x), Y1/2(x) 
E~(z), ~2 (z) 
~2 (z) ap 
N(a) 
V = ~a21 

s,L 

is the 
is the 
is the 
tally; 
is the 
is the 
is the 
is the 

NOTATION 

cyl inder  radius;  
cyl inder  length; 
angular -d is t r ibut ion  ~ a c t i o n  of d i spersed  light intensity,  de termined  expe r imen-  

dispers ion angle; 
incident light intensity;  
wave number;  
radiat ion wavelength; 

is the kernel  of the integral  equation, de termined  by the optical p roper t i e s  o f apa r t i c l e ;  
is the r e f rac t ive  index of a par t ic le ;  
a re  the ha l f -o rde r  Besse l  functions of the f i r s t  and of the second kind respect ive ly ;  
a re  the d ispers ion  eff ic iency fac tors ;  
is the approximat ion to function ~2 (z); 
is the densi ty of par t i c le  dis tr ibut ion function; 
is the par t i c le  volume; 
a re  the L a p l a c e - t r a n s f o r m  opera to r s .  
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